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ABSTRACT
The steady and unsteady components of the momentum flux in a
two-phase flow have been measured at the exit of a vertical pipe by
means of an impulse technique using a turning tee and beam. Dif-
ferent electrical filters have been tried in the recording circuit for
eliminating the signals around the natural frequency of the beam sys-
tem. A special filter set has been designed to approximate the in-
verse of the transfer function of the beam system. Thus the signals
recorded after passing through the beam-filter combination can be
considered as the excitation times a constant. Two different analog
methods have been used to analyze the random signals for obtaining
some statistical quantities such as the predominant frequency and
the rms value of the unsteady momentum flux. These quanities are
useful in some applications involving two-phase flow. In the pre-
liminary measurements of the unsteady momentum flux for the adia-
batic up flow of an air-water mixture in a 5/8 inch pipe, the greatest
unsteadiness of momentum flux appeared in the quality range of one
per cent to six per cent. Above ten per cent quality no appreciable
fluctuation has been detected. In an example problem, using the
preliminary results, the effect of the unsteady momentum flux on
a fuel rod has been studied. The amplitude of the vibrations result-
ing from the two-phase excitation has been found. In addition it
has also been found that there is a possibility of unstable vibrations
due to a nonlinear restoring force on the fuel element. This non-
linearity is due to the unsteady component of the momentum flux in
the flow past the rod.
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1, INTRODUCTION
It is well known that a two-phase flow is basically unsteady in that
the pressure, the void fraction, and the momentum flux all vary with
time. The complete description of a two-phase flow should include
information relating to its unsteady nature. In spite of this, there are
only two studies of the unsteady components of a two-phase flow. One
is a systematic investigation of the fluctuating pressure of two-phase
flow in horizontal pipes with an air-water mixture which was carried
(1)+
out by Semenov , His method of data reduction was not specified.
Therefore, the use of his results is limited, Pressure-time measure-
ments of an air-water system have also been made by Hubbard and
(Z)Dukler . Random vibration techniques were applied in their data
processing. Because they primarily aimed at the characterization
of flow regimes, complete data of fluctuating wall pressure was not
presented.
Measurements of either one of the three time varying quantities,
void fraction, pressure or momentum flux, in a two-phase flow would
develop insight into flow mechanics and provide useful information
for some applications. However, the momentum flux variations are
the most convenient to work with because they are defined experi-
mentally at a surface while the void fraction and pressure drop are
defined over a volume and a length, respectively. Furthermore, the
information about unsteady momentum fluxes may be helpful in
answering some important application questions. For instance, the
structural vibrations in reactor fuel elements may be excited by the
unsteady component of the momentum flux. To date quite a few papers
studying the fluid-induced vibrations of fuel elements have been pub-
lished(3 , 4 5 6 7. In most of them investigations were restricted
to single-phase flow. Only Paidoussis made the attempt to deal with
two-phase flow by introducing a time independent void fraction into
the density term of his empirical expression. A fluctuating flow can
excite vibrations which no steady flow can, and such a model will not
show these vibrations.
+Numbers in parentheses are listed in the Bibliography on page 34.
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In the present investigation, the measured unsteady momentum
flux data for a two-phase air-water up flow was machine processed using
standard random vibration techniques. This data was then fed into a
simplified fuel rod model and the vibration amplitude due to the two-
phase flow momentum flux fluctuations was established. Different
methods for predicting the vibration amplitude of the fuel rod were
discussed.
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2. DESCRIPTION OF EXPERIMENT
The experimental apparatus is shown schematically in Figs. I and
2. This is a modification of Andeen 's apparatus which was used in the
investigation of steady momentum flux(8 ). By means of a turning tee
the momentum flux of the two-phase flow at the exit plane of the vertical
test pipe is converted into a force which acts upon the beam built inside
the pressure vessel. The displacement of the beam is then picked up by
the Linear Variable Differential Transformer (LVDT). After being am-
plified and filtered the signals are recorded on magnetic tape.
2. 1 Fluids Feed System
The layout of the feed system of steam, air, and water is shown in
Fig. 1. Some changes were made upon the old system.
To utilize the full capacity of the existing equipment the piping
connecting two pumps was rearranged so that the main pump and aux-
iliary pump can work either simultaneously or separately to feed or
circulate water. In addition to the original 5. 7 gal. /min. rotometer
a 19. 3 gal. /min. rotometer was installed into the water supply line.
Correspondingly, the size of water outlet line was increased to 2 inches.
These changes have significantly increased the water supplying capacity
which is needed for tests in the low flow quality region at high flow
velocity. The air supply line pressure fluctuation was found to be in
the range of 10 per cent of the mean supply pressure. In the measure-
ment of unsteady momentum flux such pressure fluctuations are in-
tolerable. Hence a pressure regulator was used to eliminate this prob-
lem.
2. 2 Turning Tee and Beam
In the unsteady momentum flux measurement, the turning tee
and beam combination is a dynamic system. The momentum flux of
two-phase flow is the excitation to this system and the beam displace-
ment is the response. The trend of some earlier investigations(1, 2)
into the unsteady nature of two-phase flow shows that the significant
fluctuation of two-phase flow are of relatively low frequencies. There-
fore, in order to obtain the fluctuating behavior of the excitation from
the response it is desirable to have a dynamic system with high natural
frequency. By increasing the stiffness and reducing the weight of the system
its natural frequency was increased from 44 cycles per second to 84 cycles per
second. - 3 -
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2. 3 Recording Circuit and Filter
As shown in Fig. 2, one output from the rectifier goes to the
Vacuum Tube Voltmeter (VTVM) through an averager. The reading
on the VTVM is proportional to the time averaging of the momentum
flux. Another output goes through the amplifier and the filter and
then to the tape recorder. The follower before the tape recorder is
an amplifier of unity gain being used to prevent the recorder from
drawing too much current out of the circuit. The oscilliscope and
brush recorder are connected to the playback of the tape recorder.
While signals are being recorded on the tape they can be visualized
on the oscilliscope. The input of the amplifier can be switched over
to receive signals from the sine wave generator to check the elec-
tronic drift in the circuit and for calibration.
The filter is used primarily to attenuate the signals at the
natural frequency of the beam system. This can be accomplished
by the following different filter systems:
A. A low pass filter is able to serve this purpose. As it is not
commercially available, a first order, three-stage low pass filter
has been built. The filter circuit and performance are shown in
Figs. 3 and 4 respectively. The attenuation at the system natural
frequency, i.e. , 84 cps, is good. But signals at frequencies other than
84 cps are also affected. This undesirable effect can be compensated
for mathematically during the transferring process for the power
spectral density curve.
B. An active second order low pass filter can be used to com-
pensate the dynamic effect of the beam system. This filter has the
property that its transfer function is approximately the inverse of
the beam transfer function at the low frequency range. When this filter
is put in series with the beam system, the resulting output, within the
low frequency range, is equal to the excitation times a constant. Such
a filter is shown in Fig. 5.
C. The filter shown in Fig. 5 can be combined with a ten-stage
low pass filter having a sharp cut off before the 84 cps natural fre-
quency of the beam system. This system gives an output signal which
is almost unaffected by the dynamic characteristics of the beam sys-
tem and reflects only the excitation.
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Filter A is the simplest one to make and was used in the early
stage of this investigation. By using this filter in the recording cir-
cuit the recorded signal is the distorted response of the beam system.
A transferring process is necessary for acquiring the information of
the excitation. Using filter system C one can obtain the excitation
information without any transferring process, In comparison with
system C, filter B is much simplier yet can also give signals reflect-
ing the excitation in the relatively low frequency range. As mentioned
before, the significant fluctuations of two-phase flow are of relatively
low frequencies. Therefore, this filter system was considered the
most suitable for use in this application. However, due to its poor
attenuating function at the natural frequency of the beam system, the
energy in the recorded signal was mainly that of the beam natural
frequency and the portion of energy in the low frequency range was
too small to be usable for data processing. To overcome this diffi-
culty a commercial band pass filter was connected in series with
filter B, to decrease the energy level at the beam natural frequency.
The performance curve of this combined filter system is shown in
Fig. 6 where the reciprocal of the beam transfer function is also pre-
sented for comparison. Since this combined filter satisfactorily meets
the requirements of this experiment, it will be used in the recording
circuit for further measurements of the unsteady momentum flux.
2. 4 Exploratory Tests
Some preliminary runs have been conducted with a 5/8 inch
test pipe at atmospheric pressure and adiabatic flow conditions. Ap-
pendix C gives the data obtained from the tests with an air-water mix-
ture. In tests No. 1 through 12, filter A was used in the recording cir-
cuit. Whereas, test No. 13 is a typical run using the combined system
of filter B and the band pass filter.
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3. DATA PROCESSING
3. 1 Power Spectral Density Curve
By applying the random vibration techniques, the power spectral
density curve of the momentum flux of a two-phase flow can be constructed
from the signals recorded on the magnetic tape. This process can be
carried out by several different methods. They are divided broadly into
the digital and the analog methods. In the case of the digital method it
is necessary that the recorded signals go through a digitalizing process
to convert them into discrete numbers. Then the spectral analysis
program can be set up and performed by digital computer( ). At M.I. T.
the analog equipment is available but the complete digitizing facilities are
not. The analog equipment is negligible in operation cost in comparison
with the digital computer, and is ready for use. Thus only the analog
techniques have been applied for spectral analysis.
The procedure commonly used in power spectral density measure-
ment can be represented by the block diagram shown in Fig. 7 , The
sample function f(t) is the signal played back from tape recorder. The
filtering process in the first block is carried out by the SD 101 A Dynamic
Analyzer in which there is a narrow band filter with fixed band width
Af = 5 cps. The SD 104-5 Sweep Oscillator is used to perform an auto-
matic sweep of the center frequency f . The analog computer unit K5-M
provides the squaring function in the second block. To average the squared
signals continuously the following differential equation is applied,
T 2 .. ,T
- Z + - Z + Z = y (1)
12 2
where T is the averaging time 1). Two K5-U computer units are em-
ployed as the averaging device to solve Eq. 1. The final output Z(t) is
plotted versus the sweeping center frequency f on the X-Y plotter. The
Z vs. f curve thus obtained is a linear plot from which it is very conven-
ient to find the rms value of momentum flux or to perform some trans-
ferring process.
The block diagram shown in Fig. 8 is one of the alternatives for
spectral analysis. Being connected with a capacitor set the Dynamic
- 14 -
Analyzer can accomplish both the filtering and averaging processes.
The squaring device used in the previous method is replaced by a Log
Converter. This method will give the power spectral density curve in
a logarithmic plot, which is good for the spectral analysis with wide
ranges of frequency and energy level.
3. 2 Transfer of the Power Spectral Density Curve
In case filter A is used in the recording circuit the signals re-
corded on magnetic tape are the distorted time history of beam displace-
ment. Hence the Z vs. f curve obtained from the spectral analysis pro-
cess is Z(f) = G (f) . (F(f))2, where G (f) denotes the power spectral
density curve of beam displacement and F(f) is the performance curve of
filter A, as shown in Fig. 4. The spectral density curve of the unsteady
momentum flux is GP(f) = G (f)+(2rf4 with H(2rf) = H(w) in Eq. 28.
Therefore,
G (f)=. Z(f) (2)
IH( c) F (f)
The operations indicated in Eq. 2 can be carried out in several different
ways:
A. Graphical Method - The Curve (F(f)) is first constructed from the
F(f) curve in Fig. 4. In the frequency range of interest sufficient number
of points should be chosen and at each point the value of I H() 2 computed.
The values of Z(f) and (F(f))2 are measured from the diagrams with ap-
propriate scales. Thus the value of G p(f) at each chosen frequency can be
calculated to obtain the power spectral density curve.
B. Analytical Method - The Z(f) curve is approximated by some
simple shape curve so that it can be expressed in equation form as a
function of frequency f. The filter performance curve F(f) should also
be written as an equation in terms of f. Then from Eq. 2, G p(f) can be
represented by an equation in f.
C. Automatic Method - Fig. 9 shows the block diagram of this method.
This diagram differs from the one in Fig. 7 by the addition of two blocks
i. e., the function forming device and the multiplying device. Once the
expression of -r(f) = 1I(c 2 (F(f))2 in terms of f has been found it is just
- 15 -
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y(t)
y = x
a matter of using more computer units such as K5-M and K5-U. With
this arrangement the spectral analysis and the transferring process will
be completed at the same time.
Among these transferring methods the automatic method is the
best one for dealing with a large amount of spectral analysis data, be-
cause it can save the manual work required in the other two methods.
As the number of spectral density curves being transferred decreases,
this advantage will be overshadowed by the extra work in setting up the
function forming device in the spectral analysis system. Hence for the
transferring of few spectral density curves the graphical method is pre-
ferable. The analytical method is good only when it is necessary to
express the spectral density curve as a function in terms of frequency.
3. 3 Root Mean Square Value
There are commerical instruments which can measure the rms
value directly from random signals. Due to the presence of the beam
system in the momentum flux measuring process a considerable portion
of the energy in the recorded signals is at the natural frequency of the
beam system, even after severe attenuation. Thus by direct measure-
ment one would expect to get an rms value of momentum flux much
higher than its true value. Under these circumstances, the indirect
measurement of rms value must be adopted. In this method, the rms
value is obtained by measuring the area under the power spectral den-
sity curve G p(f). Since
00
E(P 2 ) = f p(f)df (3)
and the rms value is the square root of Eq. 3. From the spectral den-
sity curves obtained in the exploratory tests it has been seen that be-
yond 50 cps the magnitude of unsteady momentum flux in two-phase flow
is very small. As an approximation the upper integration limit in Eq. 3
can be replaced by 50. In other words, to calculate the rms value one
need only measure the area under the curve up to 50 cps. Thus the
trouble due to the beam natural frequency being at 84 cps can be avoided.
- 17 -
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4. ANALYTICAL EXAMPLE
4. 1 Fuel Rod Model
To show the effect of the unsteady momentum flux on a two-
phase flow system a simplified model simulating the fuel rod of a
reactor is established. As shown in Fig. 10, this model is a rod simply
supported at both ends immersed in a much simplified slug flow which is
flowing in the longitudinal direction of the rod.
By defining the void fraction of the two-phase mixture
f (4)
and the period of the liquid plug
l +1l
Tp (5)
then we have its frequency
_ 
2,fraV
k 1 (6)
Suppose the density of the flow at a section varies sinusoidally. It
can be expressed as
Pf 1 + sin wk (t -- r) (7)
where
y dy _ y (8)
L-f V V
As an approximation, the transverse force acting on an element length
dy of the rod is
5 2
dF- p V D dy
L
2
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and the total force normal to the rod axis will be
L L/2
26 2 26 r 2F- pV D dy -- pV D dy (10)
L L 2 L 0
where 6 = 6 0+ x. Having combined with Eqs. 7 and 8, Eq. 10 becomes
DV6 2 wk L okLF (i--a) Pf V (6-8 cos + 2 cos ) sin ( kt + )
Lok 2V V(11)
Since in the present analysis the phase angle q is of no interest it can
be discarded. Then Eq. 11 can be written in the form
DV B1/2 6PsincwtF= 
-B 6 snkt
Lok (12)
where P is the mean momentum flux and is
P = (1-a) PfV2 (13)
The system geometric variables are in the term "B" which is defined as
ok LZcoskL
B = 6-8 cos + 2 Cos
nrT V
(14)
The substitution of Eq. 6 into 14 yields
B = 6-8
aL cL
cos - rr + 2 cos --- 2-rr
1 1
g g
(15)
It can be seen from Eqs. 14 and 15 that, B has a minimum value equal
to zero when = 0, i. e., in the bubbly flow or mist flow regime; it
has a maximum value equal to 16 when aL/ g = 1, i. e., along the whole
length of the rod there is only one bubble and one slug.
If we treat the fuel rod model as a simple system without con-
sidering the effect of damping then the equation of motion of the rod is
- 20 -
M x + kx= F (16)
The natural frequency of the system is
(17)
To simplify the analysis further the spring constant of a uniformly
loaded beam with freely supported ends is adopted for k in Eqs. 16 and
17, namely
384 EI (18)
5L
The combination of Eqs. 12 and 16 gives the following differential equa-
tion
M x + (k-NP sin ck t) x = N 6 P sinok t (19)
where
DVB 1/2N = D 2 (20)
Lwk
Equation 19 describes the motion of a system having variable elasticity,
This implies that owing to the fluctuation of momentum flux in two-phase
flow a time varying stiffness is added to the original constant stiffness
of the rod. This time varying term has the same frequency of the pul-
sating momentum flux.
4. 2 Stability
The stability of the system with variable elasticity will depend on
the relative magnitudes of )n and as well as those of the original stiff-
ness k of the rod and the amplitude of the time dependent stiffness NP.
Figure 11 is the diagram showing the stability of a system with(12)
variable elasticity . The periodic variation of stiffness in this sys-
tem is not sinusoidal but rectangular. Nevertheless, the general be-
havior of both systems will be much the same. Referred to Fig. 11,
- 21 -
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the product NP in Eq. 19 is the term corresponding to Ak in Fig. 11. In
Fig. 11, the shaded regions are stable and the blank regions are unstable.
The initial deflection S appears only in the forcing function term of Eq. 19.
Therefore, the system will still be unstable even if there is no initial de-
flection of the rod so long as the ratios of wn and NPA are in the blank
regions since in a two-phase flow system disturbances are inevitable. From
the diagram it is obvious that, for stable operation of the system, one would
like to have conditions such that na and k>NP. In other words, a stiff
rod and a low flow velocity are to be preferred. If the requirements of
stable operation were based entirely on this diagram one would probably
get an extremely low flow velocity and very high stiffness of rod. This may
not be practical fuel rod design. Thus, as a stabilizing factor, the damp-
ing of such a system must be taken into consideration in any practical design.
In this respect a hollow bar filled with fuel pellets is a good fuel rod struc-
ture because this will have higher damping than a solid fuel rod.
4. 3 Prediction of the Vibration Amplitude of the Fuel Rod
It is a reasonably good approximation to use the average stiffness
of the rod, i.e., the original stiffness k, in the calculation of this vari-
able elasticity system provided that NP>k and the system is stable. The
actual calculation procedure will depend on what kind of data is available.
Case A - If only predominant frequency of the unsteady momen-
tum flux of flow is known then the value of P can be computed by Eq. 13.
The equation of motion will have the form
6 NP
' C x +W x sinck t (21)
Me M k
ee
and the maximum amplitude of the vibrating rod is
NP
M- o
e (22)
x = _ _ _ _ _ _ _ _
0 C 2 2 2 22
M k + n ~ k
Case B - When the rms value of momentum flux is available it
- 23 -
should be used as the value of P in Eqs. 21 and 22. This will give a more
accurate result than in Case A, because the value of P obtained from Eq. 13
is a much simplified description of a real two-phase flow.
Case C - If the power density spectral curve of the momentum flux
S p() is available then one can obtain the power density spectral curve of
the rod deflections S (w) through the following transferring process. In
Eq. 21 the term P sin agt should be replaced by the real history of momen-
tum flux P(t). This gives
2 6Na9C - 2 o
x'+--- x x = P(t) (23)
Me Me
and the transfer function is
N
-6SM o
H(C))= ~ 2 .C (24)
- CK) +1Ca
on M
e
Consequently, the power density spectrum of the excitation is
N 2
( 1 0)
Sx (C)= e s (e
(C 2 _ W2 2 +C p22  (25)
n M
e
A process similar to either one of the three transferring methods described
in Chapter 3 can be used in Eq. 25.
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5. RESULTS AND DISCUSSION
5. 1 Results
It can be seen from the experimental data given in Appendix C
that the general criteria of the steady and unsteady components of the
momentum fluxes in a two-phase flow are quite different. With the
magnitude of the steady momentum flux of each test indicated by the
figures in the column "Average Force" and the relative magnitude of
the unsteady momentum flux represented by the "Area under PSD Curve",
the comparison of the data of tests No. 3, 4, 11 and 12 shows that the
greatest unsteady momentum flux can be associated with relatively low
values of steady momentum flux. At conditions of large steady momen-
tum flux the unsteady component may be very small. In this respect,
the ratio of air and water flow rates, in terms of either quality or void
fraction, plays an important role. For the steady momentum flux, one
can expect it to increase with decreasing quality through the entire quality
range from 0 per cent to 100 per cent. This trend can be visualized by
comparing the data of tests No. 1, 2 and 10 or No. 5, 6 and 13. The
same is not true for the unsteady momentum flux. In the preliminary ex-
periments large pulsations of momentum flux were found in the quality
range from one per cent to 6 per cent. Above 10 per cent quality no ap-
preciable fluctuation has been detected. This agrees with Andeen's re-
sults(8) and indicates that the slug flow is probably a suitable model for
the analysis of unsteady momentum fluxes. Since the mist flow pattern
would be expected at high quality and bubbly flow pattern at very low
quality. By physical reasoning, the unsteadiness of the momentum flux
in either flow regime will be very small. The same trend was seen in
Semenov's work, where the wall pressure fluctuation became very small
as the value of flowing void fraction P of the air-water mixture was
greater than 0. 99(l). However, the effects of average flow velocity on
both the steady and unsteady momentum fluxes are similar. Both com-
ponents of momentum fluxes increase with increasing velocity.
In the power spectral density curves the energy was distributed
in a very broad frequency band. See Fig. 12 for example. The major
part of the energy is contained in the range of 10 cycles/sec. to 30
cycles/sec. rather than any single indentifiable frequency. Beyond
- 25 -
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Fig. 12. Power Spectral Density of Momentum Flux of Test No. 13.
50 cps the values of G p(f), i.e., the ordinates of the spectral density curve,
are very small. This indicates that the momentum flux fluctuations are
insignificant in the high frequency range. The effect of high flow velocity is
to shift the hill of the power spectral density curve toward the higher fre-
quency range.
5. 2 Effects on Fuel Rod
Due to the fluctuation of the momentum flux in two-phase flow the
fuel rod can become a vibratory system with variable elasticity. Under
certain conditions this may lead to unstable motion of the system, that is,
the amplitudes become larger and Larger with time. Generally speaking,
high natural frequency of the fuel rod and low velocity of the two-phase
flow are good for obtaining stable motion. A high damping is also desirable,
By using the power spectral density curve of the momentum flux
the prediction of the amplitude of the fuel rod in two-phase flow induced
vibration will give the most practical result. Because the other two
methods are based on the assumption that the momentum flux fluctuates
at some single frequency, they will give answers higher than the real
amplitude. If the natural frequency of the rod can be kept away from the
exciting frequency range, where the major part of the energy is, then the
amplitude of the fuel rod vibration will be negligibly small.
5. 3 Projected Program
The measuring technique and the method of data processing
developed in the preliminary stage were proven to be adequate. There-
fore, they will be applied in further investigations of the unsteady mo-
mentum fluxes. In particular, the combined filter system having the
performance curve shown in Fig. 6 will be adopted in the signal recording
circuit; the data processin'g is to be carried by the spectral analysis sys-
tem in Fig. 7.
Emphasis will be laid upon the survey of the important variables
such as the flow velocity and the ratio of gas and liquid flow rates. Be-
cause of the important engineering applications, the momentum flux pul-
sation in two-phase flow of a steam-water mixture with heat addition will
also be examined in detail.
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APPENDIX A
Calibration of Power Spectral Density Curve
Inside the pressure vessel the beam was forced to vibrate at a
frequency of 5 cps by a mechanical device which was set at the middle
part of the beam. Through the recording system shown in Fig. 2 this
signal was recorded on both the tape and brush recorders. The signal
appeared to be a sine wave. At this low frequency the static force de-
flection relation of the beam can still be applied with very little error.
Therefore, the rms value of the force acting on the beam was calculated
from the VTVM reading and was found to be F - 1.74 lbf. After the
spectral analysis of this 5 cps signal, kinks were found at the starting
part of the power spectral density curve. This was thought to be
because of the inability of the instruments to work in the very low fre-
quency region around 1 cps. For accurate area measurement a 20 cps
sine wave was fed into the recording system from the sine wave generator
shown in Fig. 2. The amplitude of the recorded signal appeared equal to
that of the 5 cps signal. The spectral density curve of this sine wave is
shown in Fig. 13, which has the same general shape as the 5 cps curve-
except there is no kink. The area under the GF(f) curve was measured
to be A 2. 14 in. Then the area scale was computed as F2 /A 2 0 = 1.42
22lbf /in. 2*As the experimental result of test No. 13 was used for illustra-
tion, the area under the Gp(f) curve in Fig. 12 was found to be 1 3 = 3. 3 in. .
In order to get the rms value of the momentum flux per unit area of flow, the
area scale of Fig. 12 would be C A = F 2 /A20(A )2 = 14.8 (lbf/in. ) per
inch of the area under the curve and the ordinate scale is C Gp= 14.8/10 = 14.8
(lbf/in. Z) 2/cps per inch of height in the diagram. From Eq. 3 we have
E(p2) = C A (lbf/in. 22 and Pr = p2 = CA * A = 7(lbf/in. ).Ae #13 rms )=A - 13
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Fig. 13. Power Spectral Density of 20 cps Sine Wave.
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APPENDIX B
Transfer Function
The beam and turning tee combination is considered to be a simple
Linear time-invariant vibratory system. When a force F is applied to the
system its equation of motion is
9*
Me x + cx + kx = F (26)
The beam system is excited by the momentum flux of the two-phase flow,
i. e., a force; the quantity picked by the LVDT is the displacement of the
beam. Therefore, the excitation history to the system is F(t) and the
response history is x(t). To find the transfer function H(w) of the system in
the frequency domain it is assumed that
F(t) = eit
x(t) = (a) e i cot (27)
By substituting Eq. (27) in Eq. (26), canceling e Co, the solution H(w) is
then obtained as
H(W) = (28)
k-M W + ic W
e
The equivalent mass Me is the sum of the mass of the turning tee and
one-half of the mass of the beam. It was obtained by weighing the beam
and the turning tee, separately. The stiffness k was measured through
the static load test of the beam. For the determination of the damping
coefficient c the logrithmic decay rate e rc/2M im was measured from
the pluck test picture then the value of c was computed,. It was found that
M = 0. 98 lbm, k = lbf/in and c = 2.65 x 10-3 (lbf-sec/in). As a function
of frequency the reciprocal of the transfer function is
1 = (505000 
- 142.8 f 2 + 0. 0101 f4)1/2 (29)
HMo
where f is the frequency in cycles per second. Equation (29) was plotted
in Fig. 6. 
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APPENDIX C
Experimental Data
Test Air Flow
No. Rate
Ibm/hr.
1 25. 7
2 49.6
3 72.5
4 92.5
5 130.0
6 130.0
7 195.0
8 186.0
9 240.0
10 81.5
11 338.0
12 364.0
13 115.0
Water Flow
Rate
Ibm/hr.
2500
2500
2500
2500
2500
2070
2500
1950
2500
695
1660
1290
2880
Quality
Per
Cent
1.0
1.9
2.8
3.7
4.9
5.9
7.3
8.7
8.8
10.5
17.0
22.0
3.8
Average
Velocity
ft/sec.
49
90
129
164
228
228
339
324
417
150
618
625
200
Average
Force
lbf
Area under+
PSD Curve
17
20
41
46
27
32
25
13
29
+ Figures in this column are the relative magnitudes of the areas under
the Power Spectral Density curves. The fluctuations of momentum flux
in tests No. 10, 11 and 12 are so small that their spectral density curves
are almost straight lines. A different scale was used in the spectral analy-
sis of test No. 13, so the figure is not given here.
- 31 -
A PPENDIX D
Numerical Example for Predicting the Vibration Amplitude of the Fuel Rod
In this example the data of test No. 13 were used. The physical
quantities regarding the fuel rod and others needed in the calculation
were assumed. A reasonable damping coefficient was also introduced.
These data are:
Pf = 62.4 lbm/ft 3  a = 0. 97 okY 16 x 2rrrad/sec
L = 56 inches D = 0. 5 inches D = 30 x 106 lbf/in.2
pr = 0. 28 ibm/in. 3  60 = 0. 125 inches c = 0. 01 lbf/sec/in.
B = 4
Case A - Substituting the given data into Eqs. 13, 17, 18 and 20
P = 16 lbf/in. 2, k = 40 lbf/in., N = 7/16 in., NP = 7 lbf/in.,
andw = 100 rad/sec. = k'
From Eq. 22 the amplitude was calculated to be x 0 = 0.8 inch.
Case B - From Appendix A by measuring the area under the G (f) curve
of test No. 13 in Fig. 13 the rms value of the unsteady momentum flux is
Prms = 7 lbf/in 2 ,
From Eq. (22) x = 0. 35 inches.
Case C - By substituting the given data into Eq. 25 it became
G (f) = 189 G (f) (30)
x (10, 000 - 39. 5 f 2 )2 + 249 f P
With the help of the G (f) curve in Fig. 12, Eq. 30 was plotted in Fig. 14.
p -3 2The peak of this curve is G (16) = 5 x 10~ in. /cps which was not shown
in the diagram. Similar to Eq. 3 the mean square of the vibration ampli-
tude is
00
E(x)2 =f G (f)df (31)
Approximately, E(x2) = 1/2 (14.4)(5x 10 -3) 0. 036 in. 2 and xrms = 0. 19 in.
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Fig. 14. Power Spectral Density of Fuel Rod Amplifier
(computed).
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